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Abstract 

In the present paper we study some homotopy invariants which can be defined 
by means of bundles with fiber a matrix algebra. In particular, we introduce some 
generalization of the Brauer group in the topological context and show that any 
its element can be represented as a locally trivial bundle with the structure group 

, k G N . Finally, we discuss its possible applications in the twisted JT-theory. 
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Introduction 

The aim of this paper is to study different homotopy invariants of CW-complexes which 
can be constructed by means of locally-trivial bundles with fiber a matrix algebra. An 
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example of such invariant is the first obstruction for an embedding of a locally-trivial 
matrix algebra bundle into a trivial one (under some extra conditions which will be 
formulated below). Another invariant we shall deal with is a homotopy functor GBr 
which can be treated as a generalization of the classical "topological" Brauer group. 
So let us remember the basic idea of the Brauer group. 

Suppose X is a finite CW-complex. The topological Brauer group Br(X) can be 
defined as the group of equivalence classes of locally-trivial bundles A k over X with 
fibers Mfc(C) (for arbitrary fceN) with respect to the following equivalence relation: 

A k ~ Bi A k ® End(£ m ) Bi ® End(r/ n ) 

for some complex vector bundles £ m , r] n of rank m, n respectively (in particular, km = 
In). Roughly speaking, we can say that Br(X) is the group of obstructions for the 
lifting of locally trivial bundles A k over X with fiber the matrix algebra M k (C) to 
bundles of the form End(^) for some locally trivial C fc -bundle over X. 

In order to define the generalized Brauer group GBr for any natural k we introduce 
some C*-algebra Nfc C M k (B(H)), where B(H) is the algebra of bounded operators in a 
separable complex Hilbert space H, and consider bundles with the group of its invertible 
elements N£ as a structure group. Some of such bundles come from finite-dimensional 
vector bundles due to a group homomorphism \](k) —>■ N£. The generalized Brauer 
group is just the group of equivalence classes of N^-bundles modulo those that come 
from finite-dimensional vector bundles. 

According to a classical theorem of J.-P. Serre, there is an isomorphism Br(A) = 
Hf ors (X; Z) [Jj. In other words, all obstructions for the lifting of locally-trivial bundles 
A k over X with fiber M k (C) to bundles of the form End(^) are independent of the 
higher- dimensional integer cohomology of dimensions greater than 3. In contrast to the 
classical case, the generalized Brauer group GBr(X) actually depends on the higher- 
dimensional cohomology Hf^ s (X; Z), i > 2. On the other hand, just as in the classical 
group Br(Jf), any element of GBr(X) has finite order. 

The last part of the paper is motivated by the recent progress in the twisted K- 
theory. For any bundle with the structure group we define the corresponding 
twisted .fT-group. We hope that our approach will provide an interesting example of 
more general twistings than the ones considered up to now. 

Acknowledgments I am grateful to E. V. Troitsky for constant attention to this work 
and all-round support and to V.M. Manuilov and A.S. Mishchenko for very helpful 
discussions. 
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1 Matrix Grassmannians 



In this section we give definitions of objects we shall deal with below. More precisely, 
we start with so-called "matrix Grassmannians" (which play the same role for matrix 
algebras as the usual Grassmannians for vector spaces) and try to develop a theory 
of matrix algebra bundles by analogy with the classical theory of vector bundles. We 
restrict ourselves to considering a special class of matrix algebra bundles (so-called 
"floating" bundles), because only in this case we avoid the localization (hence a trivi- 
alization) of their theory. Finally in this way we obtain an invariant of CW-complexes 
closely connected with the usual .fT-theory (cf. Theorem |2~T]) . 
Note that in the course of the paper the basic field is C. 

1.1 Basic definition 

Let us remember that the Grassmannian Gk,n, < k < n is a homogeneous space 
parameterizing /c-dimensional subspaces in the fixed n-dimensional vector space C n . 

By analogy with this definition we introduce a "matrix Grassmannian" which pa- 
rameterizes central matrix subalgebras of a given dimension in the fixed matrix algebra. 

First, remember that a central subalgebra is a subalgebra whose center coincides 
with the center of the whole algebra (i.e. with the field of scalar matrices in the case of 
matrix algebras). In particular, the identity matrix of the "big" algebra is the identity 
element of any central subalgebra. By M n (C) denote the algebra of all n x n matrices 
over C. 

A central subalgebra in M n (C) isomorphic to M k (C) is called a k- subalgebra, for 
short. Note that such a subalgebra exists only if k\n, i.e. n = kl for some natural I. 

Definition 1. The matrix Grassmannian Gi' k l is a homogeneous space which 
parametrizes fc-subalgebras in a fixed matrix algebra M k i(C). 

Proposition 2. For any pair k, I > 1 there exists the matrix Grassmannian Gi' k x . 

Proof follows from Noether-Skolem's theorem [HI) . § 12.6. □ 

Noether-Skolem's theorem also implies that Gr^, t is a homogeneous space of the 
group PGL^(C) represented as follows: 

Gr' M = PGL M (C)/PGL fc (C) ® PGL ; (C), 

where PGL fc (C)®PGLi(C) denotes the image of the embedding PGL fc (C) xPGL ; (C) ^ 
PGLfcz(C) induced by the Kronecker product of matrices. 

There is a tautological Mfc(C)-bundle over the matrix Grassmannian Gr' fc l whose 
total space A' k x is defined in the following way: 

A' k>l := {(x, T)\xe Gr' M , T E M k>x } C Gr' M xM kl (C), 
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where M k:X C M k i(C) denotes the /c-subalgebra corresponding to a point x G Gr' fc/ , 
and the projection is induced by the projection of the trivial bundle onto the first 
factor. 

The noncompact space Gr^ t can be replaced by a homotopy equivalent compact 

one Gr^z . More precisely, consider the "standard" Hermitian metric (A, B) = tr(AB*) 

on Mm(C). We say that a /c-subalgebra M ktX C M^(C) is unitary if Mfc jX = 

g(M k (C)®CE l )g~ 1 for some £/ G U(M), where M fe (C)®C^ C M kl (C) is the "stan- 

c c 
dard" A;-subalgebra. 

Let PU(n) be the projective unitary group, i.e. the quotient group 
\j(n)/{exp(iip)E n \ ip G R}. Put 

Gr M :=PU(fcZ)/PU(A;)<g>PU(Z). 

Obviously, it is a subspace in Gr^ which parameterizes unitary /c-subalgebras. 

In just the same way as in the noncompact case, one can define the tautological 
M fc (C)-bundle A k ,i C Gr M xM kl (C) over Gr M . 

Recall that the group U(n) (PU(n)) is a strong deformation retract of GL n (C) 
(PGL n (C) respectively). Hence there is a homotopy equivalence Gr k j ~ Gr^. Because 
of this equivalence, we shall not distinguish these spaces below. 

1.2 Floating algebra bundles 

The classical Grassmannians are classifying spaces for vector bundles. In this subsec- 
tion we introduce a class of bundles that are classified by matrix Grassmannians Gr k; t 
(under the extra condition (k, I) = 1 whose sense will be clarified below). 

Let X be a finite CW-complex. By M n denote a trivial bundle (over X) with fiber 
M n (C) (note that in general a trivialization on M n is not supposed to be given). 

Definition 3. Let A k (k > 1) be a locally trivial bundle over X with fiber M k (C). 
Assume that there is a bundle map /i 

A k M kl 




X 



such that for any point x G X it embeds the fiber (A k ) x = M k (C) into the fiber 
(M kl ) x = M H (C) as a central simple subalgebra, and the positive integers k, I are 
relatively prime (i.e. their greatest common divisor (k,l) = 1 ) . Then the triple 
(Ak, n, Mki) is called a floating algebra bundle (abbrev. FAB) over X. The locally 
trivial bundle A k is called a core of the FAB (A k , \i, M kl ). 
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Remark 4. Let A be a central simple algebra over a field K, B C A a central simple 
subalgebra in A. It is well known that the centralizer Za{B) of B in A is a central 
simple subalgebra in A again, moreover, the equality A = B® Za(B) holds § 12.7. 

K 

Taking centralizers for all fibers of the subbundle A k C in the corresponding fibers 
of the trivial bundle M k i, we get the complementary subbundle Bi with fiber Mj(C) 
together with its embedding v. B t ^ M ki . Moreover, A k ® Bi = M ki . 

Conversely, to a given pair (A k , B{) consisting of Mfc(C)-bundle A k and M/(C)- 
bundle 5/ over X such that A k ® Bi = M k i, we can construct a unique triple 
(Aft, \i, M k[ ), where /x is the embedding A k A k <8> a i— > a <g> l Br 

Definition 5. A morphism from a FAB (A k , /i, M k i) to a FAB (C m , v, M mn ) over X 
is a pair (/, g) of bundle maps / : A k <^-> C m , g: M fei <^-> M mn such that 

• f, g are fiberwise homomorphisms of central algebras (i.e. they actually are 
embeddings) ; 



the square diagram 



M kl 
n 

A k - 



Cm 



commutes; 



let B\ C M k i, D n C M mn be the complementary subbundles for Ak, C m , respec- 
tively (see the remark above), then g maps B\ into D n . 



Note that a morphism (/, g) : (A k , ji, M] 



klj 



in,, M^ mn j 



exists only if k\m, l\n. 



In particular, an isomorphism between FABs (A k , \i, M k i) and (C k , v, M k i) is a 



pair of bundle maps / : A k — > C k , g : M k i 
algebras such that the diagram 



M k i which are fiberwise isomorphisms of 



M kl 
A k - 



f 



M, 



C k 



commutes. 

Clearly, FABs over X with just defined morphisms form a category #2UB(X). 

For a continuous map (p: X — > Y we have the natural transformation 
<p*: 521© (y) -> 521© (X). 

Suppose (A;,/) = 1. Put .M^ := Gr fcj / xM M (C). Note that there is the tautolog- 
ical FAB (Ak,i, A 4 , -Mki) over Gr^z, where /i is the natural inclusion existing by the 
definition of A k i- 
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Remark 6. Note once more that there are compact and noncompact versions of the 
considered theory. In the first case we consider only unitary A;-subalgebras and for any 
x G Gr k> i the embedding fi\ x : (Ak,i) x ~^ M k[ (C) is a unitary map (with respect to the 
standard Hermitian metrics). 

Let ^ k j(X) be the set of isomorphism classes of FABs of the form (A k , //, M k i) 
over X. It is clear that for such a FAB there is a classifying map X — > Grj^j (it can be 
obtained by fixing a trivialization on Mm)- Furthermore, the following assertion holds. 

Proposition 7. Proposition 1.19) //dim X < 2min{/c, I}, then the assignment 
[X, Gr M ] -> * M (X), up i ► Mm) 

zs a bijection. 

1.3 The homogeneous space Hom(M/ c (C), M^(C)) 

Fix a pair of coprime positive integers fc, /. Consider the set Hom(M/ c (C), Mjw(C)) of all 
homomorphisms of matrix algebras that take the unit 1a4(C) = E k to the unit 1m h (c) — 
E k [. Since a matrix algebra is a simple ring, we see that any such a homomorphism is 
an embedding. 

There are two natural group actions on the set Hom(Mfc(C), Mjy(C)). First, the 
group PGL fc (C) = Aut(Mjfe(C)) acts on Hom(M fc (C), M H (C)) as follows: 

PGL fc (C) x Hom(M fc (C), M kl (C)) -> Hom(M fc (C), M W (C)), (g, 0) h-> # o (1) 

Secondly, the group PGL fe/ (C) = Aut(M H (C)) acts on Hom(M fc (C), M H (C)) in the 
following way: 

PGMQ x Hom(M fc (C), M kl (C)) - Hom(M fc (C), M kl (C)), (g, $)^go$. (2) 

In particular, we have the corresponding action of the subgroup PGLfc(C) = PGLfc(C)® 
Ei C PGL^(C), where by ® and Ei we denote the Kronecker product of matrices and 
the unit I x /-matrix respectively. 

Note that natural actions Q and (J2J) do commute. Indeed, it is a general fact: to 
given sets S and R and a mapping / : S — > R one has (a; o /) o ft = a o (/ o /3) for all 
a G S(-R), /? G S(S"), where S(T) is the group of all bijections of the set T. 

We also can consider the set Hom(M&(C), Mjy(C)) as a PGL^(C) and PGL^(C)- 
invariant subset in the vector space B.om Vectsp (L(M k (C)), L(M k i(C))), where L is the 
forgetful functor which to a matrix algebra assigns its underlying vector space. If we 
choose bases in L(M k (C)) and L(M k i(C)), we can identify the latter space with the 
space of (kl) 2 x /c 2 -matrices. Then actions and (J2J) correspond to the right and left 
multiplication by invertible k 2 x k 2 and (kl) 2 x (fc/) 2 -matrices respectively. 

Now let us describe Hom(Mfc(C), M k i(C)) as a homogeneous space of the group 
PGL fci (C). 



6 



Definition 8. A /c-frame in M k i(C) is an ordered collection of k 2 linearly independent 
matrices {caj | 1 < i, j < k} such that OL^j<y. m ^ n = 5j m a ijn for all 1 < i, j, m, n < k, 
where 5j m is the Kronecker delta- symbol, and Xa<i<fc a M = ^kh where E ki G M fci (C) 
is the unit matrix. 

Clearly, every such a fc-frame is a basis in a certain (uniquely determined by the 
frame) central fc-subalgebra in M k i(C). For example, there is the "standard" fc-frame 
{ e i,j I 1 < j < k}, where e^j := <g) E\ is the Kronecker product of a "matrix 
unit" Eij of order k by the unit I x I matrix E\. It is a frame in the subalgebra 

Mfc(C)®C.E; C Mjy(C). Applying Noether-Skolem's theorem, we see that all /c-frames 

c 

in M M (C) are conjugate to each other. 

Thus, all fc-frames in M k i(C) form the homogeneous space 

Fr M := PGL w (C)/£* ® PGL,(C). 

The notation means that the group PGL^(C) is embedded into the group PGLfc/(C) by 
means of the Kronecker product of matrices X \— > E k ® X. 

Proposition 9. The space Hom(Mfc(C), M k i(C)) is a homogeneous space over the 
group PGL M (C) with respect to the action Furthermore, there is an isomorphism 
of homogeneous spaces Hom(Mfc(C), Mjy(C)) = Fr k< i. 

Proof. Fix a fc-frame a in M k (C), i.e. an ordered collection of linearly independent 
matrices {(Xij | 1 < i, j < k}, a^j G M k (C) such that a^ja^s = 5j r a itS . Then we have 
a one-to-one correspondence between homomorphisms h G Hom(Mfc(C), Mjw(C)) and 
fc-frames /3 in Mjm(C) given by h <-> /? = /i(a). □ 

In particular, the previous proposition equips the set Hom(Mfc(C), Mjy(C)) with 
the topology of homogeneous space. 

The space Fr^ is the total space of the principal PGL^(C)-bundle 

pgmo 

The fiber of this bundle over x G Gr^i consists of all those /c-frames that are contained 
in the A;-subalgebra M k<x C M fcZ (C) corresponding to x. The tautological M fc (C)-bundle 
^4fcj over Gv kt i is associated with this principal bundle. Thus, the homogeneous space 
Frfc 5 ; can be treated as the total space of the principal PGLfc(C)-bundle Prin(A k ,i) — > 
Gvh,i ■ 

Remark 10. There is also a unitary analog of this notion. Clearly, the set of all unitary 
/c-frames in M^(C) (with respect to the standard Hermitian metric (A, B) = tr(AB ) 
on M k i(C)) is the homogeneous space Fr fcj / := PXJ(kl)/ E k g) PU(Z). It is the total space 
of the following principal bundle 

T71 PU(fc) n 

rT k l > ^k,l 
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over the (compact) matrix Grassmannian Gr k,i . The fiber of this bundle over x £ Gr^z 
consists of all those unitary /c-frames that are contained in the /c-subalgebra C 
Mfcz(C) corresponding to x (recall that points x £ Gr^/ correspond to unitary central 
/c-subalgebras in Mjy(C)). The tautological Mfc(C)-bundle .4.^/ over Gr*.^ is associated 
with this principal bundle. 

Now note that there is a canonical FAB over Hom(Mfc(C), M^(C)) = Fr^z whose 
core (which is a trivial Mfc(C)-bundle equipped with the canonical trivialization) is 
defined as the subspace 

{(h, h(T)) | h £ Hom(M fe (C), M„(C)),T £ M fe (C)} C Hom(M fc (C), M H (C))xM H (C). 

Obviously, this FAB is the pull-back of the tautological FAB (Ak,i, H, M-ki) under the 
projection Fr^z — > Gikj ■ Note that the considered FAB over Hom(Mfc(C), M^(C)) is 
not trivial (see Definition ITH1 below) although its core is. The reason of this is that the 
embedding /i is "twisted". 

Obviously, the assignment M&(C) \— > Hom(Mfc(C), Mfcz(C)) is functorial and there- 
fore it can be transferred to locally trivial bundles with fiber Mfc(C). Thus, to any local- 
ly trivial Mfc(C)-bundle Ak over X we assign the locally trivial Hom(Mfc(C), M^(C))- 
bundle (over the same base X). The obtained bundle we denote by Hk t i(Ak). In 
particular, j(Mfc(C)) = Fr^z, where Mjt(C) is regarded as a trivial bundle over a 
point. 

In terms of structure groups, the bundle Hf. t i(Ak) is associated with the same 
principal PGLfc(C)-bundle as Ak, using the action (JTJ). 

1.4 The Hom(M fc (C), M w (C))-bundle H M (^ niv ) A BPU(A;) 

By A k mw denote the universal Mfc(C)-bundle over BPU(fc) (it is a locally trivial bundle 
with the structure group PU(/c) ~ PGLfc(C) = Aut(Mjt(C))). In this subsection we 
study the Hom(M fc (C), M fc/ (C))-bundle U kJ (Al niv ) A BPU(fc). 

Let tkj: Gikj — > BPU(fc) be the classifying map for Ak,i as a bundle with the 
structure group PGLfc(C). Recall that the mapping tkj can be considered as a fibration 
in Homotopy Category. 

First note that there is the canonical embedding p*(A^ nw ) A H k .i(A k Lnm ) x M k i(C) 
given by (h, a) ^ (h, h(a)), where a £ (A£ ni, %, h £ Hom((Aj£ nil %, M W (C)). Thus the 
canonical FAB (p*(A k miv ), Jl, H ktl (A% niv ) x Af w (C)) over H M (Af-™) is defined. 

Theorem 11. The total space Hk i i{A k imv ) is homotopy equivalent to the matrix Grass- 
mannian Gik,i ■ Moreover, the bundle projection Hf. i i(A k mw ) BPU(&) can be identi- 
fied with the classifying map tk, i under this homotopy equivalence. 

This theorem is a consequence of the following proposition. 
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Let X be a finite CW-complex. Consider the set Sk,i(X) of equivalence classes 
of FABs of the form (A k , n, M k i) over X with respect to the following equivalence 
relation: 

(A k , /i, M kl ) ~ (A' k , //, M fc i) & 
there is a fiberwise homotopy M : A k x I — > M fei such that 
MU feX{0} = /i, M| AfcX{1} : A k ^ fj/(A' k ) C M fc , 
(in particular, A k = A' k and moreover (A k , /i, M M ) = (A' k , //, M M )). 

Proposition 12. The spaces Gi k j and H k; i(A k mw ) both represent the homotopy functor 
X^S kJ (X). 

Proof. For Gr k j this is clear. Consider H k j(A k mtv ). Suppose (A k , fi, M M ) ~ 
(A' k , //, M k {) and ip , ip 1 : X — > H fejJ (Aj£ mi; ) are classifying maps for 
(A^ /i, Mfcj), (A' k , /j,', Mki) respectively. We have to construct a homotopy $ 
between ip and </?i. 

Put <fi := p o ip h % — 0, 1, where p: Hfc^Ajf™") — > BPU(/c) is the projection. 
Since A k = A' k , we have a homotopy $: X x 7 — > BPU(fc) between <p and </?i. This 
(together with the covering homotopy property) shows that without loss of generality 
we can assume that <po = <fi ='■ <P- In other words, A k = A' k = {p*(A k nw ) and M defines 
a homotopy between \x : A k — > and // : A k ^ M k \ (indeed, such a homotopy can be 
chosen as the composition Mo a, where a: A k ^ A' k is an arbitrary isomorphism). We 
have the bundle map <p: H kt i(A k ) — > H^(A]™ M ') which covers (p: X — > BPU(/c). There 
is the natural one-to-one correspondence between sections of the bundle H^^A^) — > X 
and embeddings A k = X x (C) and also between corresponding homotopies. 

Let <7j, i = 0, 1 be the sections corresponding to //, // respectively. Therefore the 
homotopy M gives us a homotopy c between a and <7i. Finally, the composite map 
(p o q: X x / — > H fei /(A^ nra ) is the required homotopy between the classifying maps 
<p : X -> H M (A™*j and ^ : X -> H fc) ,(A™«). 

Now the converse assertion is clear. 

Since the both spaces represent the same homotopy functor, there is a homotopy 
equivalence H k ,i( A T iv ) - Gr M ■ □ 

Thus, we see that a lifting in the bundle H k j(A k miv ) — > BPU(/c) and an embedding 
of a locally trivial algebra bundle A k into a trivial one (with fiber M kl (C)) are the 
same things. This will be useful for the study of obstructions for such an embedding 
in Subsection 3.2. 

Now let us describe the homotopy equivalence Gi k: i ~ H ki i(A k miv ) more explicitly. 
Obviously, the canonical embedding 

p*(A k miv ) A H ki i(A k miv ) x M M (C) 
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determines the map <p: H k j(A k tmv ) — > Gr fcj / such that cp*(A k> i, A 4 , G*k,i xil4i(C)) = 
(p*(A™ w ), /I, H M (Ar)xM H (Q), where (A,;, At, Gr M xM fcl (C)) is the tautological 
FAB over Gv k} i. (Indeed, tp can be defined as follows. To a given h G H^^A™ 4 ") the 
image Jl(p*(Al niv ) h ) C M«(C) = {/i} x M W (C) is a subalgebra isomorphic to M k (C). 
We put <p(h) = a G Gr^z, where a is the point corresponding to the fc-subalgebra 
Jl{p*{Al niv ) h ) C M W (C).) Since t*,, : Gr M -> BPU(A;) is a classifying map for «4. M , we 
have p ~ t/ Cj j o tp. 

From the other hand, we have the fibration 

Fr M ^Gr M -HBPU(fc). 

The embedding /i: A k j Gr feji xM H (C) gives us a lifting ^: Gr fcji — > H fci /(Aj£ n ™) of 
(Indeed, for a G Gr M , ^(a) = x we put t/>(ck) = /i, where h G (Hfc ) j(Aj£ m, ')) a; = 
Rom((A k Lmv ) x , Mfcj(C)) = Hom((^4 fc ,«)a? M fc /(C)) is the homomorphism defined by Ai| a ). 
Clearly, /I, H^^jxM^C)) = (A,/, At, Mh)- In particular, po^ ~ 

tk,i- 

We have already observed that since the both spaces H kt i(A k mm ) and Gr kj i represent 
the same homotopy functor, they are homotopy equivalent to each other. Moreover it is 
easy to see that the above constructed maps ip: 'H. k ^{A k miv ) — > Gi k ,i and if): Gr fc) / — > 
H ki i(A k mv ) are the desired homotopy equivalences, ip ° V 9 — ^u k i{Ai niv )i V 9 ° i> — 

id Gr fe , ; • □ 

Thus, we can identify the fibrations (in Homotopy Category) 

Fr M ^ Gr M -H BPU(A;) 

and 

fr M ^ H^AjrO BPU(fc). 

2 The functor represented by the //-space Gr 

In this section we give a brief survey of the stable theory of floating algebra bundles. 
We do this because this theory is needed to motivate the definition of the generalized 
Brauer group in Subsection 3.3 (see for example Theorem 1431 and its corollary). For 
more details see jB], Ch.2. 

2.1 The stable equivalence of FABs 

Define the product o of two FABs over X (A k , A 4 , M k i), (B m , v, M mn ) such that 
{km, In) = 1 as 

(A k , /i, M H ) o (B m , v, M mn ) := (A k <g> B m , M M <g> M mn ) 

(notice that M kl <g> M mn = M klmn ). 
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Definition 13. A FAB of the form (M^, t, M^i) is called trivial if the map r: — > 
Mki is the following: 

A x M fc (C) -> X x M W (C), (x, T) i-> (x, T (8) £?,) for all x G A 

(under some choice of trivializations on and M^), where is the unit I x Z-matrix 
and T ® Ei denotes the Kronecker product of matrices. In other words, the bundle 
is embedded into Mm fixed subalgebra. 

Definition 14. Two FABs (Ak, fa Mm) and (-B m , v, M mn ) over A are said to be stable 
equivalent if there is a sequence of pairs {U, Ui} G N 2 , 1 < i < s such that 

• {t x , fa} = {fc, Z}, {t S) u s } = {m, n}; 

• (tit i+1 , UiUi+i) = 1 if s > 1, 1 < z < s - 1, 

and a corresponding sequence of FABs (A ti , fa, M t . u .) over A such that 

• (A tl , fa, M hui ) = (A k , fa M k i), (A ts , fa, M tsUs ) = (B m , v, M mn ); 

• (A ti , fa, M tiUi ) o (M ti+1 , r, M k+lUi+1 ) = (A ti+1 , fa +1 , M k+lUi+1 ) o (M u , T , M kUi ), 
where 1 < i < s — 1 and (M ti , r, M tiUi ) are trivial FABs. 

By AB (A) denote the set of stable equivalence classes of FABs over A. 

The following theorem justifies the previous definition. Note that a homomorphism 
of central algebras Mm(C) Mfc/ mn (C) induces the corresponding map of matrix 
Grassmannians ik,i; m ,n- Gr fcj ; — > Gr fcm ; n ; the direct limits below are taken over such 
maps. 

Theorem 15. ( [3], Proposition 2.1) 1) For all sequences of pairs of positive integers 
{kj, such that 

(i) kj, lj -> oo; (ii) kj\k j+1 , (iii) (kj, lj) = 1 

for every j, the corresponding direct limits limGrfc^ are homotopy- equivalent. This 

j 

unique homotopy type we denote by Gr. 

2) Gr is a classifying space for stable equivalence classes of FABs over a finite CW- 
complex X. In other words, the functor X \— > AB (A) from the homotopy category of 
finite CW -complexes to the category (Sets is represented by the space Gr. 

The proof is based on Proposition and on the following lemma. 

Lemma 16. If (km, In) = 1, then the embedding 

is a homotopy equivalence in dimensions < 2min{fc, /}. 
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Therefore for any finite CW-complex X, dim(X) < 2min{fc, I, m, n} and for 
any map (fk m ,in- x G?km,in there are maps <p k)l : X -> Gr M and ^ TOi „: X -> 

Gr m n SUch that ik,l;m,n ° ^fc, Z — Vkm,ln — im,n;k,l 

o <£> m)Tl . Note also that 

*M;m,n(^*wi.Jn, H,M k imn) = (A k ,i, fi ,M k i)o(M m , r, .M m „), whence the stable equiv- 
alence relation. 

2.2 The group structure 

Let (A k , fi, Mm) be a FAB over X. By [(Ak, fi, M k i)] we denote its stable equivalence 
class (with respect to the equivalence relation defined in the previous subsection). 
Define the product o of two classes [(Ak, fi, Mia)], [{B m , u, M mn )] for (km, In) = 1 as 

[(A k , fi, Ma)] o [(B m , v, Mmn)] = [(A k , n, M kl ) o (B m , v, M mn )] 

= [(A k ® B m , n®v, M Mmn )]. 

Clearly, this product is well defined. The following lemma allows us to reject the 
restriction (km, In) = 1. 

Lemma 17. For any pair {k, 1} such that (i) (k,l) = 1, (ii) 2min{/c, /} > dimX, any 
stable equivalence class of FABs over X has a representative of the form (A k , fi, M k i). 

Clearly, the product o is associative, commutative, and has identity ele- 
ment [(M k , t, M k i)], where (M k , t, M k i) is a trivial FAB. Moreover, for any class 
[(A k , fi, Mki)] there exists the inverse element. In order to find it, let us recall the 
following fact. The centralizer Zp(Q) of a central simple subalgebra Q in a central 
simple algebra P (over some field IK) is a central simple subalgebra again, moreover, 
the equality P = Q®7jp(Q) holds. Therefore by taking centralizers for every fiber 

K ^ 

of the subbundle A k in M k i, we obtain the complementary subbundle Bi with fiber 
Mj(C) together with its embedding v: B\ <—* M k i into the trivial bundle. Moreover, 
A k <8> B\ = Mki- It is not hard to prove that [(Bi, v, Mki)] is the inverse element for 
[(Ak, fi, Mki)]- Thus, the functor X i— > AB (X) takes values in the category of Abelian 
groups 2lb. 

Proposition 18. ([3], Theorem 2.5) The space Gr can be equipped with an H-space 
structure such that there is a natural equivalence between X \— > [X, Gr] and X \— > 
AB (X) as functors to the category 2lb. 

2.3 Some properties of FAB's core 

Recall that a locally trivial Aut(M fe (C)) = PGL fe (C) (or PU(A;))-bundle A k is called a 
core of a FAB (A k , fi, M k i) (if such a FAB exists, of course). We mention its properties 
because they will play an important role in the definition of the generalized Brauer 
group in Subsection 3.3. 
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Lemma 19. If A k is the core of some FAB (A k , p, M k i), then its structure group 
can be reduced from AutMfc(C) = PGL k (C) to SL/^C) (or equivalent from PU(A;) to 
SU(ife)). 

Proof. Indeed, since p ki = p k x p x for (k, I) — 1, where p n is the group of nth degree 
roots of unity, we have 

Gr M = PU(fcZ)/ PU(Jfe) ® PU(Z) = SU(ifeZ)/ SU(Jfe) <8> SU(Z). □ 

The following lemma describes a characteristic property of cores. 

Lemma 20. ([3], Lemma 2.7) Let X be a finite CW-complex. Suppose dimX < 
2min{Zc, m}; then the following conditions are equivalent: 

• A k is the core of some FAB over X; 

• for arbitrary m such that 2m > dimX there is a bundle B m with fiber M m (C) 
such that A k ®M m = B m ®M k ; 

• A k ®M m = B m ®M k for some locally trivial bundle B m with fiber M m (C), where 
(k, m) = 1. 

Moreover, for any pair of bundles A k , B m such that (k, m) = 1 and A k ®M m = B m ®M k , 
there exists a unique stable equivalence class of FABs over X which has (for sufficiently 
large n, (km, n) = 1) FABs of the forms (Ak, p, M kn ), (B rn , v, M mn ) as representatives 
(for some embeddings p, v). 

2 A Localization 

Let A be a finite CW-complex, k > 2 a fixed integer. The set of isomorphism classes of 
bundles of the form A k ™ (for arbitrary m G N) over X with fiber M k ™, (C) is a monoid 
with respect to the operation ® (with the identity element M k o (C) = C) . 
Let us consider the following equivalence relation 

A km ~ B k n <^==^> Br, s € N such that A k m ® M k r = B k n (g) M^u 

(=>• m + r = n + s). The set of equivalence classes [Akm] of such bundles is a group 

~ k 

with respect to the operation induced by <g>. This group we denote by AB (X). 

Let us consider the direct limit hmBPU(A; n ) with respect to the maps induced by 

n 

PXJ(k n ) ^ PU(A; rt+1 ), 
A ^ E k ® A. 

~ k 

Clearly, the functor X \— > AB (X) is represented by limBPU(fc n ). 
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According to Lemma El for any stable equivalence class of FABs over X there is 
a representative of the form (A k m, /x, Ma.nm), (k,l) = 1. Therefore for any k we have 
the group homomorphism 

AB\x) -> AB(X), p fcm , /i, M (JH )m)] h- [Afcm] 

induced by the following map of the direct limits 

Gr fc2>/2 ^-i 2 BPU(A; 2 ) 

!; k, I 

Gr M — HbPU(A;), 

where i^p and t k j are classifying maps for the cores A k ,i and Ak*,p as PU(/c) and 
PU(fc 2 )-bundles, respectively. 

~ 1 ~ fc 

The kernel of the homomorphism AB (X) — > AB (X) is just the /c-torsion subgroup 
in AB^X). 

Set tk := linit^r jr : Gr — ► limBPU(/c r ) =: BPU(/c°°). Then is the composition of 

r r 

the localization map ([12]) Ch.2) : Gr — > limBSU(Af) = BSU[^] and the natural map 

r 

limBSU(A; r ) — > limBPU(/;; r ) induced by the group epimorphisms SU(A; r ) — ► PU(k r ) 

r r 

with the kernels {XE k r | A fcr = 1} = p k r. 

2.5 Relation between AB and KSU-theory 

Recall that BSU® is the space BSU with the structure of if -space related to the tensor 
product of virtual SU-bundles of virtual dimension 1. 

Theorem 21. (j^J, Theorem 2.17) There is an H -space isomorphism Gr = BSU® . 

By KSU(X) denote the reduced K-functor constructed by means of SU-bundles 
over X. Recall that KSU(X) is a ring with the multiplication induced by the tensor 
product of bundles. 

The previous theorem claims that the group AB (X) is isomorphic to the multi- 
plicative group of the ring KSU(X), i.e. the group (because X is a finite CW-complex) 
of elements of KSU(X) with respect to the operation = £ + ?7 + £?7 (£, ?7 G KSU(X), 
i.e. £, T) are of virtual dimension 0). 

This gives us a geometric description of the if -structure on BSU® . For example, 
the construction of the inverse stable equivalence class [(B m , u, M mn )] for a given one 
[{Ah, /i, Mm)} is closely connected with taking centralizer for a subalgebra in a fixed 
matrix algebra. 
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Although the theory of floating algebra bundles leads to the theory which can also be 
described in the classical terms, the obtained geometric approach might be applicable 
in other branches of Topology (for example, in Cobordism theory, cf. jl], [3]). 

2.6 A U-version 

Consider the canonical map BU(fc) — > BPU(/c) induced by the group homomorphism 
Xj(k) — > PU(A;). By Gik,i denote the total space of the Fr^ z-fibration (recall that Ft^j 
denotes the space of (unitary) fc-frames in Mm(C), see Subsection II .Hjl induced by the 
fibration Gr^/ — ^ BPU(fc) and the map BU(/c) — > BPU(fc) (as ever, the integers k, I 
are assumed to be coprime), i.e. the fiber product 

Gr M — BU(fc) 

1 (3) 
Gr M -HBPU(A;). 

It follows easily that there is a CP°°-fibration Gr^/ — > Gif.,1- 

Remark 22. Let us give a description of Gr^/ analogous to the one for Gr^j in Sub- 
section 1.4. Let _^ BU(fc) be the universal vector bundle with fiber C fc . Then 
clearly Hfc i z(End(^ n ™)) ~ Gikj, moreover under this identification the projection 
Hf. t i(End(£% mv )) —> BU(/c) coincides with the map Gr kj i — > BU(fc) we have just de- 
fined by the commutative square. 

Consider the following morphism of U(^)-fibrations: 

U(fc) ^EU(fc) 




GTk,l, 

where tj-j is the classifying map for the canonical U(&)-bundle over Gr^/ and by 
EU(k) we denote the total space of the universal principal U(&)-bundle which is 
contractible. A simple computation with homotopy sequences of the fibrations 
shows that tk,i#' ^(Gr^/) — > 7T2 r (BU(/c)), r < min{fc, 1} is just the monomorphism 
Z — > Z, 1 i— > ■ 1 (note that the odd-dimensional stable homotopy groups of both 
spaces are equal to 0). This implies (|12j. Theorem 2.1) that the direct limit map 
tk'- Gr — > limBU(A; r ) =: BU(A; 00 ) is just the localization away from k (in the sense 
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that k is invertible; in particular, limBU(/c r ) = BUM is a ZM-local space), where 



Gr := lim Gik,i- 

(h, !)=1 

The diagram (j3J) gives us the diagram 



&_*U.BU(*° 



(5) 



Gr — ^ BPU(fc c 



The left-hand vertical arrow in terms of bundles can be described as an assignment 

(£ fe n, (End(^ fc u), /i, M( k i)n)) (End(^ fc n), /i, M (fc/ )™), 
tk as an assignment 

(£ fe n, (Endfen), /i, M( fc/ )n)) h-> £ fc n, 

and also tk and the right-hand arrow as (A^n, /j,, M^i) n ) A^ and £j.n i— > End(^n) 
respectively, where (End(£fcn), M^i)n) and (A^™, /i, M^i)n) denote some FABs. 

The space Gr is an if-space with respect to the multiplication induced by the tensor 
product of bundles. It can be proved that Gr = BU® as if -spaces. Let us also recall 
that BU = BSU 8 xCP°° and Gr BSU® as ^-spaces, hence Gr ^ Gr xCP°°. In 
particular, the if-space Gr represents the functor of the "multiplicative group" of the 
ring Kc> i-e. the functor A Kc(A), where Kc(A) is considered as a group with 
respect to the operation £*7/ = £ + ?7 + £77, £, r\ e KcPO (here Kc is the reduced 
complex X-functor). 

By AB^A), AB (X) denote the groups [A, Gr] and [A, BXJ(k°°)} respectively. We 
also have the group homomorphism tk*(X) : AB (A) — > AB (A) induced by tk- 



3 Homotopy invariants related to algebra bundles 
3.1 Reminder: The classical Brauer group 

Undoubtedly, the most important invariant constructed by means of matrix algebra 
bundles (called in this context 'Azumaya bundles") is the Brauer group which plays 
an important role not only in Topology but also in Algebraic Geometry (where it turns 
out to be a birational invariant of varieties [Zj). In this subsection we give a brief survey 
of the classical results concerning its "purely topological" version. 

So let A be a finite CW-complex. Consider the set of isomorphism classes of locally 
trivial bundles over A with fiber M^(C) with an arbitrary integer k > 1. On the set 
of such bundles consider the following equivalence relation: 

A k ~ Bi ^ A k ®M m = Bi® M n for some m, n > 1, (6) 
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where by M r we denote a trivial bundle over X with fiber M r (C). By {C m } de- 
note the stable equivalence class of C m . It can easily be checked that the product 
{Ak} o {B{\ := {Ak ® Bi} is well defined and equips the set of stable equivalence 
classes with the structure of Abelian group. We denote this group by AB(X). Clearly, 
AB(X) = lim AB (X), where the direct limit is taken over the natural homomorphisms 

k km 

AB (X) — > AB (X) induced by the assignments A^ i— > A^m) n '■= A^ ® M m n. 
Now consider the following more coarse stable equivalence relation: 

A k ~ Bi 3£ TO , r] n such that A k <g> End(£ m ) = B { ® End(r] n ), 

where by r\ n we denote vector bundles over X of rank m, n, respectively. By [C m ] 
denote the stable equivalence class of M m (C)-bundle C m . The tensor product of bundles 
induces a group structure on the set of such stable equivalence classes. It is just the 
classical topological Brauer group Br(X). 

Let us give a homotopic description of Br(JT). Consider the fibration 

CP°° ^ BU(Jfe) 

1 (7) 
BPU(A;) 

corresponding to the exact sequence of groups 

1 -> U(l) -> U(A;) -> PU(A;) -> 1. 

The first obstruction az(f) for the lifting of a map /: X — > BPU(A;) in (JJJ) belongs 
to H 3 (X; Z) ( 6j, Ch.5) and has order (the last assertion follows from the fact that 
a(f) = 8(J3(f)), where /?(/) G if 2 (X; Z/fcZ) is the first obstruction for the lifting 
in the bundle B fi k ^ BSU(A;) -> BPU(A:) and 5: i/ 2 (A; Z/JfeZ) -> F 3 (X; Z) is the 
coboundary homomorphism) . 

Let us introduce the following notation for the direct limits: 

BW := limBU(fc), BVU := limBPU(fc), 

k k 

where k runs over all positive integers and the limits are taken over the maps inducing 
by the tensor product (in particular, BW is a Q-space). Recall that 

BW = ]jK(2q 1 Q) 1 BVU = K(2, Q/Z) x JjK(2g, Q), CP 00 = K(2, Z), 
and we have the fibration 

CP°° K(2, Q) -> K(2, Q/Z) 
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corresponding to the exact sequence of the coefficients groups 

-> Z -> Q -> Q/Z -> 0. 

We consider every space CP 00 , BW, and BPW as an P-space with the multiplication 
induced by the tensor product of bundles which it classifies (for example, CP 00 classifies 
complex line bundles, and there is the isomorphism CP 00 = K(2, Z), £ t— > Ci(£) of P- 
spaces, where C\ is the first Chern class). 

Thus, after taking the limit as k — > oo in (JJJ) we get the fibration 

CP 00 ^ BW CP 00 — n 9 >i K(Q, 2g) 

ip I (8) 

BPW, i.e. K(Q/Z, 2) x n 9 > 2 K(Q, 2g). 

The P-space BVU represents the homotopy functor X \— > AB(X) on the category 
of finite CW-complexes. Indeed, since we take the direct limit BVU = limBPU(fc) 

k 

over the maps of classifying spaces BPU(A;) -=^> BPU(A;m) such that i% m (A%£ v ) = 
j\umv ^ (where by A™ niv we denote the universal M r (C) -bundle over BPU(r)), the 
stable equivalence relation (JHJ) appears. 

Now it is easy to see that Br(X) = coker{j9,: [X, BU] -> [X, BVU}}, i.e. Br(X) = 
coker{[X, K(Q, 2)] -> [X, K(Q/Z, 2)]} = coker{P 2 (X; Q) -> P 2 (X; Q/Z)}. Using 
the exact sequence of cohomology groups induced by the sequence of coefficients 

-> Z -> Q -> Q/Z -»■ 0, 

we see that coker{P 2 (X; Q) -> P 2 (X; Q/Z)} = im{P 2 (X; Q/Z) P 3 (X; Z)} (here 
5 is the coboundary homomorphism) , i.e. Br(X) = Hf ors (X; Z) [Zj. 

The explicit form of the isomorphism Br(X) = Hf ors (X; Z) can be described 
as follows. Recall that the structure group of a bundle with fiber M&(C) is 
Aut(Mfc(C)) = PGLfc(C) and PGLfc(C) contains PU(fc) as a strong deformation retract. 
The obstruction theory asserts (jHj, Ch.5) that the first (and unique!) obstruction for 
the lifting of PU(/c)-bundle to a U(^)-bundle belongs to the group P 3 (X; ^(CP 00 )) 
(see fibration (|7J) ). Therefore the assignment 

^4fc >— ► {the first obstruction for the lifting} 

gives us the required description of the isomorphism Br(X) = P 3 ors (X; Z). 

Thus, any element of the group Hf ors (X; Z) can be realized as an obstruction for the 
lifting of some PU-bundle to a U-bundle (or equivalent a PGL-bundle to a GL-bundle). 

Remark 23. Let us remark that it is not necessarily that for a G P 3 (X; Z) such that 
ka = there exists a bundle A^ with fiber Mfc(C) whose invariant is equal to a (see 
[2J, P.H). 
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Remark 24. Now suppose A k has a lifting (i.e. End(^) = A^). Then the obstruction 
theory says that £ k is determined by A*, up to taking the tensor product with a line 
bundle ( over X. Indeed, it was already mentioned that H 2 (X; 7r 2 (CP 00 )) = H 2 (X; Z) 
is isomorphic to the group of line bundles with respect to the tensor product; from the 
other hand, for any line bundle £ we have End(£& g) Q — End(^). 

Remark 25. Note that for any fixed integer k > 1 one can develop the correspond- 
ing theory of bundles with fibers of the form M k n(C) for arbitrary n G N. In 
this way one can define the fc-primary component Brfc(X) of the Brauer group as 
coker{p fe : [X, BV(k°°)} -> [X, BPU(A; 00 )]}. 

3.2 An obstruction for an embedding of a locally trivial alge- 
bra bundle into a trivial one 

In this subsection using the Hom(M fc (C), M fci (C))-bundle H M (A£ niv ) -> BPU(A;) 
(which has been studied in Subsection 1.4) we define topological obstructions for an 
embedding of a locally trivial matrix algebra bundle into a trivial one. Note that we 
consider only embeddings that are fiberwise homomorphisms of central algebras. 

More precisely, let A k be an Mfc(C)-bundle over a finite CW-complex X. In this 
subsection we construct a cohomological obstruction for the existence of an embedding 
fi: A k — > X x M k i(C) such that n\ x (A k ) x C M fcZ (C) is a central subalgebra for any 
x G X. This obstruction equals iff A k is the core of some FAB (A k , fi, M k i) over X. 

Remark 26. Note that nontrivial obstructions can exist (after taking the limit as in 
Remark IHUl below) only if (k, I) = 1. In other words, all the obstructions vanish in the 
stable case if we reject this condition. 

Consider the fibration 

Frfcnjn ^H k n j ln(A k l n' lV ) — Gl k n Jn 

Pk" (9) 
BPU(fc n ). 

Let X be a finite CW-complex, dim(X) < 2l n . Then for a given map / : X — > BPU(/c n ) 
we have the first obstruction a(f) G H 2l (X; ^2i~\^k n ,i n )) for the lifting in (jHJ) ([6 , 
Ch.5), where TT2i-i{Fr k n i n ) = Z/A;"Z and TT2i{~Fr k njn) = because % < l n . But we 
have shown in Subsection 1.4 that a lifting of /: X — > BPU(/c n ) in Q is the same 
thing as an embedding f*(A k L T v ) X x M(^)«(C). Therefore the class «(/) is the 
first obstruction for the existence of an embedding of f*(A k l T v ) into the trivial bundle 
X x M {kir (C) (recall that (k, I) = 1). 

Note that for a mapping /: X — > BU(A; n ) we can also define the obstruction for 
an embedding of the bundle /*(End(^"™)) = End(/*(£™"')) into the trivial one X x 
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Mfki)n(C). For this purpose instead of bundle © we should consider the bundle 



Flhri In 



H 



k n J' 



.(End(^)) ^Gr fen ,n 



Pk'' 



(10) 



BU(£; r 



(see Remark |2*2*|) . Clearly, the obstructions will be the same as in the "projective" case 
(in connection with this note that the map BU(A; n ) — > BPU(/c n ) induces an isomorphism 
of cohomology groups H 2 (BPXJ(k n ); Z/k n Z) = H 2 (BXJ(k n ); Z/k n Z)). 

Now take k, I, m, n such that (km, In) = 1. Notice that there is the natural map 

M;m , n : Hom(M fc (C), M fci (C))xHom(M m (C), M mn (C)) Hom(M fem (C), M klmn (C)) 

induced by the tensor product of matrix algebras. 

Remark 27. If we identify Hom(Mfc(C), M^(C)) with Ft^j then the map (pk,i;m,n can 
be described as follows. One can easily verify that for a fc-frame {ctij | 1 < %, j < k} 
in Mki(C) and an m-frame {/3 r , s | 1 < r, s < m} in M mn (C) the collection {a^j <S>/3r,s \ 
1 < i, j < A;, 1 < r, s < m} is a /cm-frame in M^ mn (C) = M^((C) ® M m „(C). Thus 
we have the natural map Fr^z x Fr m n — > Frk m j n which coincides with 4>k,i;m.n under 
the mentioned identification. 

Clearly, we also have the corresponding map of bundles 

. tlt / Auniv\ it / Auniv\ tt I Auniv\ 

^PkXm,n- ^-k^y-^k I x ^m.nV^m I ' "-km, Iny-^km ) 

such that the diagram 



k,l\ A k ) X "m,nl\ ) ^ tl km j n {A 



univ\ 
km I 



pxp 



BPU(fcm) 



BPU(A;) x BPU(m) 

commutes. Obviously, the map <pk,i-,m,n can be identified with the natural map 
Gr fci j x Gr m n — > Gr km j n of matrix Grassmannians induced by the tensor product of 
matrix algebras. These maps define the above described (see Subsection 2.2) if-space 

structure on Gr := lim Gr^ = BSU® . 

(fc, i)=i 

The same is true in the "unitary" case. 

Lemma 28. The homotopy type of Fr^ ;oo does not depend on the choice of /, (k, I) = 1. 

Proof. Take m such that (k, m) = 1. Define the map atk,,i,m- Fr fcji — > Fr k ^ m by the 
commutative diagram: 

Ev.6 



PU(/m) 



PXJ(klm) 



Fr fc . 



I in 



Oik, i, 



'IF 



FU(0 



PV(kl) 



Ft 



k.i 
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(the rows are fibrations). One can easily verify that the map akj,m'- Frk,i 
a homotopy equivalence in dimensions < 21. Now using the diagram 



Fik ,im is 



Fr 



k, Ira 



"fe,i, 



a k, m, I 



(12) 



Fr 



kj 



Fr 



k, m 



we get the desired assertion. □ 

The proved lemma allows us to omit I in the following notation. 
Suppose (m,n) = 1, k\m, l\n (=>- (k,l) = 1). Consider the following morphism of 
fiber bundles: 



.®E L 



PU(n 



PU(mn) 



pu(0 -^"pu^o 




Using such maps a we can form the direct limit Fr^oo Aao whose homotopy type does 
not depend on the choice of /, so we shall denote it just by Fr^oo. 

Lemma 29. 7[ r (¥ik°°) = limZ/fc n Z for odd r and otherwise. Moreover, the nat- 

n 

ural embedding Fr^n Fr^ induces the monomorphisms vr 2r _i(Frfcn) = Z//c n Z 
7r 2r _i(Fr fc °o), 1 < r < oo. 

Proof follows from simple calculations with homotopy sequences of obvious 
fibrations. □ 

So we can define the direct limit (as n — > oo) of 



Fr* 



Hfc°o(^4 



univ\ 
k°° ) 



Gr 



Pk 



(13) 



and of (flQl) 



Fr, 



BPU(A; C 



H fc co(End(^» to )) ^Gr 



Pk 



BU(k c 



(14) 



respectively. All the mappings are the homomorphisms of i7-spaces. In particular, we 
see that pk, Pk are fiber substitutes for maps tk (see Section 2), respectively. 

Remark 30. Suppose we are given a map /: X — > BPU(fc n ) such that ct(f) ^ 0, «(/) € 
H 2t (X; VT2j-i(Frfcn^n)) (see fibration (jH))), dimX < 2l n . Then the corresponding limit 
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obstruction in (fT3*|) is also nontrivial. One can prove this using the following fact: for 
(km, In) = 1 the natural map Fr^ —>■ Fr^ j„ induces monomorphisms of the homotopy 
groups: Z/kZ = 7r 2i _i(Fr M ) ^ 7r 2i _i(Fr fcrrMn ) = Z/kmZ, i < I. 

Remark 31. Let Ffc(-X') be the set of equivalence classes of Mp (C)-bundles A^n (for 
arbitrary neN) with respect to the following equivalence relation: 

Akm ~ Ak« -vv- there are FAB's cores B^, B^ 

such that A^ m ® = A^ <8> -Bfcs (=>■ m + r = n + s). 

Obviously, Ffc(X) is an Abelian group with respect to the operation induced by the 
tensor product of bundles. Moreover, Yk(X) = coker{p fc *: [X, Gr] — > [X, BPU(/c°°)]} 
(=im{h k *: [X, BPU(fc°°)] -> [X, BNjL]}, see the next subsection). Note that the first 
cohomological obstruction for the lifting in (fT3*|) is well-defined on such equivalence 
classes. 

Although the group Ffc(A) looks like the Brauer group Br fc (A), the actual analog 
of the latter group will be defined in the next subsection. 

3.3 A generalized Brauer group 

Consider exact sequence (fT3)l of if-spaces. Our goal is to extend it to the right. So at 
the next step we have to define a "classifying space" for Fr fcoo . One possible approach 
uses the fact that Fr/joo is an infinite loop space (as a fiber of the localization map 
tk: BU® = Gr — > BU[^]® = BU(k oc ) for BU®; BU® is an infinite loop space due to 
G.B. Segal [II])- In this way one obtains the fibration 

Gr ^ BU(A;°°) ^ BFr fcoo , (15) 

where BFrfcoo is the base of the universal principal Frfcoo-fibration, f2(BFr&oo) = Fr^oo . 

But we present a more direct approach by replacing the loop spaces by 
groups of the same homotopy type. More precisely, we introduce topological 
groups GLfcoo(/C(if)), Nfcoc, GLi(Afcoo) = GLi(C(H))° together with homomorphisms 
GLfcoo ()C(H)) — ► N^oo, Nfcoo — > GLi(Afcoo) forming the exact sequence of groups 

GL fcoo (/C(F)) -> Nfcoc -> GLi(A fe0 o) 

which is homotopy equivalent to the fibration 

XJ(k°°) -> Fr feoo -> Gr 

(see diagram (J1J). Then we identify BFr^oo with the classifying space BN^ and the 
map hk~. BU(/c°°) — > BFr^oo with the map of classifying spaces BGL^oo (tC(H)) — > 
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BN^, induced by the above group homomorphism. The main advantage of this ap- 
proach is that any element of the defined below generalized Brauer group can be rep- 
resented by a locally trivial bundle with the structure group (for some k EN). 

So let H be a. separable Hilbert space, B(H) and KL(H) the algebra of bounded 
operators in End(if) and the ideal of compact operators in 13(H), respectively. By 
C(H) denote the Calkin algebra B(H)/K(H). Put 



r/A o 

A 



0\ 





A G C(H) 



> C M k (C(H)). 



\° ••• V 



Clearly, A^ is a subalgebra in M k (C(H)) isomorphic to C(H). Let TT k : M k (B(H)) — > 
Mk(C(H)) be the natural epimorphism. Let be the subalgebra 7r^ 1 (Afc) C 
Mk(B(H)), Nfc := GLi(Nfc) = N fc n GL k (B(H)) its multiplicative group. It is a closed 
subgroup (in the norm topology) in GL k (B(H)). The groups N^n play a crucial role in 
the further constructions. In particular, we shall show that in contrast to the group 
GU(B(H)), they are not contractible, if n > (note that N^ = GLi (#(#))). 

Remark 32. One can replace Nj* by the homotopy equivalent (polar decomposition!) 
unitary group C\\Jk(B(H)), where XJ k (B(H)) C M k (B(H)) is the group of unitary 
operators contained in M k (B(H)). 

Remark 33. Let us remark that there is an obvious way to transfer our definition of 
to the algebraic i^-theory of a ring R (using the analogy between C(H) and Si?). 

The following results about Calkin algebra are needed for the sequel. Let 
7r: B(H) — > C(H) be the canonical epimorphism. By GLi(C(H))° denote the con- 
nected component of the unit in GLi(C(H)). In other words, it is the image of the 
space Fred(H) of zero index Fredholm operators under the map 7r|Fred(#) : Fred(H) — > 
GL\(C(H)) (which is a fibration with fiber an affine space over fC(H)). Let 
7f: G\j\(B(H)) — > GLi(C(H))° be the birestriction of it to the multiplicative sub- 
groups. Clearly, ker(7f) = GLi(lC(H)), where GLi(K,(H)) is the group of invertible 
operators of the form 1 + K, K G K,(H). It is known jHJ that this group is ho- 
motopy equivalent to the infinite unitary group U := limU(^) (with respect to the 

n 

standard inclusions). Recall also that the group GLi(C(H)) (GL\(C(H)) ) is ho- 
motopy equivalent to Z x BU (BU respectively). Finally note that GL k (lC(H)) := 
{the group of invertible k x A;- matrices of the form 1 + K \ K G M k (K, (H))} is iso- 
morphic to GL 1 (/C(fi)). 

Consider the group epimorphisms 7^: GL k (B(H)) — > GL k (C(H))° and 7^: N k — > 
GLi(Afc) induced by 7r k . Clearly their kernels coincide with the subgroup GL k (lC(H)) . 
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Lemma 34. The topological group Nj* has the following homotopy groups: 7T2 r (N 
0, 7T2r-l(Nj*) = Z/fcZ, r > 1. 

Proof easily follows from the commutative diagram of exact sequences 

1 GL fc (/C(#)) GL fe (i3(tf )) GL fc (C(tf))° 1 



(16) 



GL fc (£(ff)) 



■N 



GLi(A fc )° ■ 



1. 



Indeed, recall that the group Gh k {B(H)) = GLi(B(H)) is contractible (the polar de- 
composition + Kuiper's theorem). In particular, upper row is just the path fibration. 
Now the required assertion follows from the nontrivial piece of the corresponding ho- 
motopy sequences: 















•7T 2r (N 



n 2r (GL k (C(H))°) — 

■k 

^7r 2r (GLi(A fc )°) — — 



7T2r-l{GU{iC{H))) 











ir 2r -l(GL k (lC(H))) >■ 7T2r--l(N 



0. 



where -k means the homomorphism which takes the group generator 1 to k ■ 1. □ 

Remark 35. Since the inclusion GL^A*.) <^-> GL k (C(H))° in diagram (fTB^) is a clas- 
sifying map for the lower row (considered as a GLfc(/C(i/))-fibration), we have the 
fibration 



N 



X n k , 



GLi(Aj 



GL k (C(H))°. 



Because of Q(GLi(Afc) 
the fibration 



GL X (£(#))> tt(GL k (C(H))°) ~ GL k (JC{H)), we also obtain 



GLx (£(#)) *GL k (JC(H)) 



N 



(17) 



where the inclusion GLi(JC(H)) — > GL k (JC(H)) is the following: 

fa ... (A 



a 



a 







\0 ... a) 

(k x fc-matrix); in particular, is homotopy equivalent to the homogeneous space 
GLfcCJC^VGLx (£(#)). 

Remark 36. Since BGLi(/C(if)) ~ GL^A^) we see that there is the map ~N k — > 
BGLx(/C(if)) which is equivalent to the epimorphism n k : N£ — > GL 1 (A jfc )°, ker(7r fe ) = 
GL fc (/C(if)); analogously, there is the map BGLi (£(#)) — > BGL k (K.(H)) which is 
equivalent to the natural inclusion GLi(Afc) — > GL k (C(H))° , where C(H) is the Calkin 
algebra as above. 
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Consider the homomorphisms \j(kn) \](k(n + 1)), 



/ an «i2 

«21 «22 



«lfc\ 

«2fc 



f «11 


u 


«12 


u 


• «ifc 


U ' 





1 





. 


. 





«21 





«22 


.. 


• «2fc 





o 


o 


o 


1 . 





o 


CCfei 





«fc2 


. 


• Oikk 













. 


. 


1/ 



where ay G M n (C). Let i n : U(^) U(« + 1) be the standard inclusion 



a. 



1 



a G U(n). 



Consider also the homomorphisms U(^) »" U(/wi). One can easily check that ® 
(z n Q!) = K n (Ek (g) a) Va G U(n). Thus, we obtain the well-defined map of the direct 
limits: 

r k : U = limU(ri) -»• limU(fcn) = U (19) 



BU induced by the 



induced by the tensor product with ^ (cf. diagram (fT£J) ). 

Lemma 37. The space Fr^ is the fiber of the map B : BU 
group homomorphism Q19j) . 

Proof. Obviously, the map BU(i n ) — + BU(A;/ n ) induced by the tensor product with a 
trivial bundle of rank k is equivalent to the map of these classifying spaces induced by 
the group homomorphism \](l n ) E -i^' \](kl n ). Hence Fr^p is the fiber of BU(7 n ) ^+ 
BXl(kl n ). It easily follows from the commutative diagram (cf. diagram 



Fr 



Fr 



BU(r +1 ) 

^BU(/ n )- 



[k]<8. 



[fc]«>. 



BU(A;/ n+1 ; 
...®[{] 

-BU(fcP) 



that the natural inclusions Fr^jn — > Fr fe ;n+i are weak homotopy equivalences (=>• ho- 
motopy equivalences because Fr^ is a CW-complex) up to dimension ~ 2l n (recall 
that (k, I) = 1). □ 

The following proposition makes the statement of Lemma IM1 more precise (cf. Lem- 
ma EU). 



25 



Proposition 38. There is a homotopy equivalence Fr& ~ such that the diagram 
(whose rows are the above fibrations (cf. Remarks and \3b\) and the vertical arrows 
are homotopy equivalences) 

N x _ BGU{K.(H)) BGL fc (/C(#)) 



Fr fc BU — BU 

commutes up to homotopy. 

Proof. We have the group homomorphism U — > GLi(/C(if)) which is a homotopy 
equivalence. Clearly, this equivalence identifies the group homomorphisms : U — > U 
and GLx (K.(H)) — > GLk(JC(H)) (see (JTEJ)). There is also the homotopy equivalence 
BU — > BGLi(/C(if)) of classifying spaces and the corresponding maps of classifying 
spaces BT fc : BU — ► BU and BGLx(/C(iJ)) — > BGL fc (/C(if)) can also be identified. 
Therefore their homotopy fibers Fr^ and N& are homotopy equivalent too, and the 
diagram is commutative. □ 

Remark 39. Let us remark that the fibration (see 1)1 7])) 

BGLi (£(#)) -> BGL fe (/C(#)) -> BN* (20) 

has the following interpretation. Let EN£ — > BN£ be the universal principal n£- 
bundle. Using the action of the subgroup GL k (K.(H)) C Nj? on its fibers = N^, we 
obtain d2DJ (because BGLi (£(#)) = GLi(A fc )° = Nj* / GL k (K(H))). 

Now consider the commutative diagram of group homomorphisms: 
GLp+i (£(#)) GL U n+i (£(#)) GL,n+i (N fe ) 



Gh ln {K{H)) GL fc ^(/C(#)) GLjn(Nfc). 

Since (k, I) = 1, we see that the arrow GLjn(Nfc) — ► GLp+i(Nfc) is a ho- 
motopy equivalence (cf. the proof of Lemma l3*7jl . Put GLjw (K.(H)) := 
limGL;n(/C(if)), GLfc/oo(/C (H)) := limGLjyn (/£(£/")), where the direct limits 

n n 

are taken over the group homomorphisms GLp(/C(if)) ■■^^f QL^+i (K,(H)) and 
GLfc,n (£(#)) ^ GL fcP+ i(/C(#)) (GL ioo (N fc ) ~ GLx (Nfc) = N fc x ). Thus, we have 
the fibration 

GL^(/C(#)) -> GL^/qtf)) - N fc x 
and hence also the fibration 

N fc x -> BGL,»(/C(#)) BGL fe /oo(/C(if)). 

Taking into account the obtained results, the proof of the following lemma is trivial. 
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Lemma 40. There is the commutative (up to homotopy) diagram 



N 



FW 



BGL Z oc (1C(H)) BGL fcZ oo(/C(#)) 



■BU(Z C 



[fe]®. 



(21) 



BU(/H C 



whose rows are fibrations and vertical arrows are homotopy equivalences. 

Lemma 41. There is the commutative (up to homotopy) diagram 

[k]i 



Fi- 



fe, z" 



BPU(/ r 



Frfe 5 in s- Gik, i« 

whose rows are the above fibrations. 
Proof. Consider the mapping 



'BPU(fcP) 
...<s[i n ] 
-BPU(Jfe) 



Frin ( A univ g, Mp ) _ Prin(^™ 1 



BPU(fcP) 



BPU(A;)— ^ 

of principal PU(A;Z n )-bundles (so it is PU(/H n )-equivariant). We have the free action of 
the subgroup E k ®P\](l n ) C PU(A;/ n ) on their total spaces. Note that Yiin(Al niv ®M ln ) 
is the fiber of the map BPU(/c) - — > BPU(/H"), hence 

Prin(A™ i1 ' ® M,n) PU(JfcZ n )/(PU(ib) ® £,»). 

Therefore its factor by E/~ ® PU(/ n ) is Gr&^n and we obtain the required commutative 
diagram. □ 

Replacing BPU by BU and Gr by Gr one obtains the analogous diagram in the 
unitary case. 

Put Grfc := limGr^/n. We claim that this homotopy type does not depend on 

n 

the choice of /, (k, I) = 1. Indeed, the maps aik,i,m. an d o^h,m, i m diagram (fT2~j) are 
PU(/c)-equivariant. 



Corollary 42. There is the commutative (up to homotopy) diagram 

Fr fc - 



.BU(Z°°) — 'EU(kl°°) 



Ft, 



■BU(fc) 



whose rows are the fibrations. 
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Combining the previous corollary with Lemma EHl we obtain the following result. 
Theorem 43. There is the fibration 



(22) 



Gr fc -> BU(fc) -> BN> 
which actually is an extension o/Frjt — > Grjt — > BU(A;) to £/ie ng/ii. 
Proof. The upper fibration in diagram (|21)l can be extended to the right up to fibration 



BGL i0 o(/C(#)) -> BGL^ (£(#)) 



BN fc x 



The map BU(/c) 



BN fc x 



is just the composition BU(fc) 



BU(fc/ c 



BGLfcioo(/C(iJ)) — > BN^ . It follows from the previous corollary that the homotopic 
fiber of this map is just Gr^. □ 

Remark 44. Let us note an analogy between fibrations (J7J) and (|22|) (cf. the definition 
of generalized Brauer group below). 

There is a continuous action of the group N£ on different spaces; for example one 
can consider the action on the algebra by inner automorphisms. So one can think 
of a bundle with the structure group as a locally-trivial Nfc-bundle. 

Let Ffc be the functor on bundles, induced by the above map of classifying spaces 
BU(/c) — > BN£. By analysis of the previous constructions, one can obtain the explicit 
form of the corresponding group homomorphism \](k) 
it is as follows: 



Nfc • For example (for k = 2) 




/ 

Corollary 45. Suppose we are given an C k -bundle over a finite CW -complex X . 
Then F^(^) is a trivial bundle iff End(^) is the core (see Subsection 2.3) of some 
FAB over X (i.e. iff there exists an embedding End(£&) X x Mfe m (C) for some 
sufficiently large m, (k, m) — 1). 

Proof. Since f!22j) is a fibration, we have the corresponding exact sequence of pointed 
sets [X, Grfc] — ► [X, BU(fc)] — > [X, BN£]. Now the required assertion follows from the 
discussion after diagram (J5J). □ 
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Remark 46. Recall that we have already interpreted the lifting problem in the fibration 
Fr/j — ► Gr^ ~ Hfc(End(^ n ™)) — > BU(fc) in terms of the existence of an embedding into 
a trivial bundle, see the discussion around diagram (fTUj). 

Remark 47. Let us return to the fibration (|22|). Since Gr^. = Gr^ x BU(/c) (see 

BPU(fc) 

Subsection 2.6) it seems very reliable that the above map BU(fc) — > BN£ factors 
through BPU(/c) i.e. there exists a map BPU(fc) — > BN£ (with fiber Gr fc ) such that 
the diagram 

BU(Jfc) 




BPU(fc) -BN* 

commutes. This might show that the generalized Brauer group actually is a general- 
ization of the classical Brauer group (cf. diagram (|24jl ). 

Remark 48. It is interesting to apply the obtained results to the equivalence relation, 
considered in Remark |^ More precisely, we see that (in notation of the remark) 
A^m ~ Af-n Ffcm(Afcm) and Ffcn(A&ra) are "stable isomorphic". 

It is obvious that the Kronecker product with the unit k x fc-matrix Ek induces 
the group homomorphisms N^ - > N£ — > N^ 2 For the topological group 

we have its classifying space BN£„. Since B is a functor, we see that the above 
homomorphisms induce the corresponding maps of classifying spaces BN£ — > BN£ — > 
BN£-.... 

Consider the homomorphisms GLi (£(#)) -> GL k (K(H)) -> GL fc2 (/C(#)) -»• . . . 
induced by the Kronecker product with the unit k x &;-matrix. Their direct limit is the 
localization map GLi(JC(H)) — > GL k oo(IC(H)). 

Corollary 49. There is the diagram 

N£» -BGLi (£(#)) -BGL fc oo(/C(^)) 

Fr feoo . BU = ^ . BU(^) 

which is commutative up to homotopy. 

Proof follows from Proposition EH1 D 

Thus, instead of fibration (|T5j) we can consider the homotopy equivalent fibration 

BGLi(/C(/0) BGL feoo (/C(#)) BN^ (23) 
(which is the direct limit of (|20))). 
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Now we want to define a structure of homotopy commutative i?-space on BN^ 
which turn the above fibration into an exact sequence of if -spaces (i.e. 

[X, BGLi (£(#))] % [X, BGLfcoo (fC(H))) ^ [X, BN^] 

is an exact sequence of Abelian groups for any finite CPU-complex X). Unfortunately, 
we do not know any direct way to do this in terms of N^n-bundles. 

Remark 50. For example, there are mappings N^m x N^n — > N^ m +n defined by the 
Kronecker product of matrices Mkm(B(H)) x M^(B(H)) — > M k m+n(B(H)) (cf. Remark 
E7jl . Indeed, one can easily verify (using the fact that JC(H) is a two-sided ideal in B(H)) 
that for any A G NjL , B G Njl their Kronecker product A® B satisfies the condition 
ir k m+n(A <g> B) G GLi(A fe m+n)° c GL k m+n (C (H ) ) , i.e. A <g> 5 G N^ m+ „ • But these 
mappings are not homomorphisms, so they do not define the corresponding mappings 
of classifying spaces. 

So we have to return to fibration (JT5j) . Let bu^, be the generalized cohomology the- 
ory defined by the infinite loop space BU®, with the zero term bu^(X) = [X, BU®] PQ. 
Then fibration (fTK|) corresponds to the exact sequence of Abelian groups bu^(X) — > 
bu^(X, Z[|]) — > bu^,(X; Z[r]/Z) associated with the exact sequence of groups of coef- 
ficients -y Z -> Z[i] -> Z[i]/Z -> (note that Z[±]/Z = limZ/A; n Z). 

Since bu^,(X; Z[|]/Z) = [X, BN^] is an Abelian group, we see that the space 
BNjL, is equipped with the if-space structure with the required property. Put 
FB fc (X) := [X, BN£4 Recall that the groups [X, Gr] and [X, BU(A;°°)] we denot- 

-—-1 — k 

ed by AB (X) and AB (X), respectively. We also defined the natural transformation 
(indeed the localization away from k) AB — > AB induced by t k . Using the 
previous arguments we obtain the exact sequence of Abelian groups 

AB^X) AB fe (X) ^ FB fc (X) 
for any finite CPU-complex X. 

Definition 51. For a finite CPU-complex X the k-primary component (cf. Remark 
I25J) of the generalized Brauer group GBrfe(X) is the cokernel cokerj/i^X) : AB (X) — > 
FB fc (X)}. 

Now we want to explain why this definition is a natural generalization of the classical 
Brauer group. First of all, let us stress an analogy between the fibration 

Cpoo _^ BXJ(k°°) -> BPU(A; 00 ) 

(which relates to the definition of the classical group) and fibration (}23|) (or (JTHJ) - For 
example, one can verify that the homotopy sequence of the first fibration in dimension 
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2 coincides with the homotopy sequence of the second fibration in all even dimensions. 
Therefore in some sense we get a two-periodic generalization of the classical Brauer 
group. The role of the Picard group (i.e. the group of isomorphism classes of line 
bundles with respect to the tensor product) in our case plays the group of bundles of 
the form (£&, (End(^), /i, Mm)), (k, I) = 1 (see Subsection 2.6) with respect to the 
tensor product (cf. Remark |2"2|) . 

Now it is suitable to consider direct limits (induced by the Kronecker product) over 
all natural numbers (not only over powers of a fixed k). In this way we get spaces 
N£, := hmN* and BN^, := limBN* and the fibration (cf. diagram ©) 

n n 

BU BU BU^ HOU. n >! K(Q, 2q) 



BN^, i.e. 



Since BU® = CP°° x BSU®, we see that this diagram splits: 

C poo _ K (Q ; 2 ) 



BN! 



K(Q/Z, 2) 



CP 00 x BSU^ »-K(Q, 2) x n g > 2 K(Q, 2q) -K(Q/Z, 2) x BSN 



X 



BStL 



n 9 > 2 K(Q, 2q) 



BSN^, 



where BSN^ is defined by the diagram, BN^ = K(Q/Z, 2) x BSN^ . Notice that the 
upper fibration correspond to the classical Brauer group, so the generalized Brauer 
group is the product of the classical one with the group defined by the lower fibration. 
Since BVU ~ K(Q/Z, 2) x Y[ q>2 K(Q, 2q), we obtain the map h: BVU -> 



BN^, h 



id 



K(Q/Z,2) 



x/i' (with the homotopy fiber Gr = BSU®), where h! is defined in 



the previous diagram, such that the diagram 

BU 



BVU 




(24) 



bn> 



commutes. Put GBr(X) := coker{/i*(X) : AB(X) -> FB(X)} (where FB(X) := 
[X, BN^J). Then we have the exact sequence of Abelian groups 

-> Br(X) -> GBr(X) -> GB7(X) -> 0, 

where the subgroup Br(X) C GBr(X) corresponds to those Nj* -bundles over X whose 
structure group can be reduced to PU(/c) (for sufficiently large A;). 

In other words, compared to the classical whole new step is added to the 

procedure of the lifting. At first, we have to lift an N£ -bundle to a PU(fc)-bundle. The 
second step essentially coincides with the classical case. 
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3.4 Application: the twisted i^-theory 



One of the possible application of the generalized Brauer group is to the twisted K- 
theory. More precisely, M. Atiyah and G. Segal posed in [2j the problem of finding 
of a geometrical approach to more general twistings than the one comes from pro- 
jective unitary group PU(if) of the Hilbert space H. Recall that PXJ(H) ~ CP 00 , 
so BPU(P) ~ K(Z, 3). For any element a e H 3 (X;Z) = [X, K(Z, 3)] (i.e. actually 
for a CP°°-bundle with the structure group PU(if)), in particular, for elements of 
Br(X) = Hf ors (X; Z), one can define a "twisted -fT-group" K®(X) as the group of ho- 
motopy classes of sections of the Fred(if )-bundle associated with a So let us give 
the analogous construction for bundles with the structure group Nj*. 

Remark 52. Recall that N£ -bundles represent elements of the generalized Brauer group. 
It seems reliable that the twisted i^-theory associated with such a bundle depends only 
on the corresponding element of the generalized Brauer group, i.e. on the class of such 
a bundle modulo im(h*) (cf. Proposition 1541 below) . 

Of course, the group N£ C Mk(B(H)) naturally acts on H h , but it is more fruit- 
ful to treat it as an extension of N* = N^ = B(H). More precisely, put Fredfc := 
NfcnFred(P fe ) = 7r j ^ 1 (GL 1 (A fe )), where Fred(# fc ) C M k (B(H)) denotes the space of 
Fredholm operators contained in Mk(B(H)) . We have the fibration Fredfc — ► GLi(Afc) 
with fiber an affine space over ker(7Tfc) = Mk(JC(H)). In particular, the projection 
Fredfc — > GLi(A^) is a homotopy equivalence. Moreover, there are natural inclusions 
Fredfc — > Fred fc 2 — > . . . such that the diagram (consisting of homotopy equivalences) 



->- Fredfc2 

M k2 (K(H)) 

GLi(Afc2) 



Fredfc 

M k (K(H)) 

GLx(Afc) 
commutes. 

Note also that there is the commutative diagram 

Nfc — Fredfc" 

GL k (K(B)) 




GLi(Afc) , 

where both down-directed arrows are bundles with the marked fibres. 

Clearly, the group naturally acts on Fredfc C Mk(B(H)) by conjugations. More- 
over, this action is compatible with the fibration p^: Fredfc — > GLi(Afc) in the sense 
that the diagram 

h — — — ^ Fredfc 



x Fred A 



id xpfc 

N fe x xGL 1 (Afc) 



pk 



(25) 



GLi(Afc) 
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commutes (where (p k is the mentioned action and (p k is the natural action on the 
group of invertible elements of Calkin algebra). In particular, the projection p k is 
Nfc -equivariant, i.e. it commutes with the actions. 

Thus for a given N£ -cocycle on X we can associate the corresponding Fred^-bundle 
Fredfc — > X and define the corresponding twisted i^-theory as the set of homotopy 
classes of sections of this bundle. Since the space Fred^ is a topological monoid with 
respect to the composition of Fredholm operators, and the group action preserves the 
composition, we see that this set is actually a group. 

Remark 53. Note that the action N£ x Fred(H h ) — > Fred(if fc ) can be extended to 
the action of the group GF k {B{H)) D which is contractible. Therefore for any 
Fred(if fc )-bundle with the structure group there exists a fiberwise homeomorphism 
with the product bundle X x Fred(H k ). But the action ip k : n£ x Fred^ — > Fred k 
cannot be extended to the action of GF k {B(H)) (the latter group does not preserve 
the subspace Fred^ C Fred(H k )) . That's why we consider the action ip k on Fred^. 

Proposition 54. Suppose our n£ -cocycle over X comes from some GL k (JC(H))- 
cocycle (recall that GL k (JC(H)) is a subgroup in N k ). Then the corresponding twisted 
K -theory is isomorphic to the untwisted one Kc(X). 

Proof. Recall that GL& (tC(H)) C N£ is the kernel of the natural homomorphism 
— > GLi(Afc) . The N k -equivariant projection p k : Fred^ — > GLi(Afc) defines the 
fiberwise map 

FYed fc — GL^Afc) 




X, 

where GLi(A fc ) — > X is the GL^A/J-bundle associated with the same N^-cocycle as 
Fredfc (using the action (p k , see diagram (j2SJ)). Since the subgroup GL fc (/C(ff)) C N£ 
is contained in the kernel of the action (p k : N£ x GLi(A&) — > GLi(Afc), we see that 
GLi(Afc) — > X is a trivial fibration. But the sets (actually groups) of homotopy classes 
of sections of two fibrations Fred^ — > X and GLi(Afc) — > X are naturally isomorphic, 
because p k is obviously a fiberwise homotopy equivalence. □ 

Remark 55. Let us remark that our generalized Brauer group generalizes the classical 
Brauer group (corresponding to the elements of finite order in H 3 (X; Z)), but not the 
infinite order case corresponding to the Dixmier-Douady class of a principal PU(H)- 
bundle [Hj. In order to obtain a further generalization we have to extend sequence 

(HI up to the sequence BGL fcoo (£(#)) BNj^ BGL^A^) (cf. the fibration 
BU(fc°°) -> BFV(k°°) -> K(Z, 3)). 
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